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On the Validity of the Maier-Saupe 
Theory of the Nematic Transitiont 
THEODORE D. SCHULTZ 
IBM Thomas J. Watson Research Center 
Yorktown Heights 
N e w  York 

Abstract-The Maier-Saupe theory of the nematic phase transition can be 
viewed as arising from two basic assumptions: a kind of induced-dipole 
induced-dipole interaction and the neglect of the effect of orientational inter- 
actions on positional correlations. The theory makes the further assumption 
of the validity of the molecular field approximation for the orientational 
interactions. We have asked if the first-order transition predicted by Maier 
and Saupe is just an artificial consequence of the molecular field approxi- 
mation. To answer this question, we have constructed a model based on the 
same two assumptions. These are augmented by the further assumptions of 
discretization of space and discretization of molecular orientations and by the 
replacement of a rotationally invariant interaction with one having a preferred 
axis. The latter replacement is analogous to replacing the Heisenberg model 
for spin systems with the Ising model. By imbedding the present model and 
the Maier-Saupe theory within the same sequence of variational bounds on the 
grand potential, it  is argued that the present model is superior. It is shown that 
this model has no first-order phase transition, although the molecular field 
approximation, when applied to this model, again gives such a transition. It 
is therefore proposed that the failure to find a first-order transition points to a 
breakdown in one of the two basic assumptions. 

1. Introduction 

Maier and Saupe(1) (MS) have described the nematic transition with 
a theory involving two basic assumptions and one further approxi- 
mation : 

(A) the assumption of an induced-dipole induced-dipole inter- 
action between molecules of the liquid as the sole source of the 
transition ; 

(B) the assumption that the probability of any configuration of 
centers of mass is not affected by tho interaction between 
molecular orientations ; 

t Presented at  the Third International Liquid Crystal Conference in Berlin, 
Allgust 24-28, 1970. 
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148 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

(C) the molecular field approximation to treat the resulting 

The MS theory has often been quoted both regarding its description 
of the order vs. T and the prediction of a first-order phase transition. 

In  this paper, we wish to  argue that the first-order transition fourid 
by Maier and Saupe may be a result of the crudity of the molecular 
field approximation. We shall argue that a better theory (one still 
based on A and B but avoiding the molecular field approxiimation) 
would not show a first-order transition. Since such a transition is 
observed, we believe that i t  probably comes either from longer range 
forces than assumed or from detailed correlations of center #of mass 
motions to  molecular orientations. The correlations seem more 
likely because the important forces that have been neglected are, if 
anything, the shorter range hard-core forces. 

I n  Section 2, we shall formulate a model that  we believe incor- 
porates some of the essential features of MS’s first and second 
assumptions but which has the one drawback of breaking rotational 
symmetry. In Section 3, the model will be exactly solved and shown 
to give no phase transition for forces as short ranged a~ those 
assumed by Maier and Saupe. By contrast, when the same model is 
solved in the molecular field approximation, a first-order transition 
is predicted. 

I n  Section 4, we attempt to compare the MS theory with the model 
presented here with some rigor. To this end, we formulate a syste- 
matic series of successively cruder approximations to the grand 
potential of a liquid crystal. The approximations that lead specifi- 
cally to the MS theory and to our present model are deferred as long 
as possible to get the best possible direct comparison. Neither 
model falls into this series rigorously, but the suggestion is strong 
that the MS theory gives the poorer upper bound to  the exact grand 
potential. 

The possibility that the symmetry-breaking character of tha 
soluble model is a crucial defect is not, however, excluded. 

problem of interacting orientations. 

2. Formulation of Model 
The Maier-Saupe theory would result if the molecula,r field 

approximation were applied to a system of distinguishable molecules 
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T H E  V A L I D I T Y  O F  T H E  M A I E R - S A U P E  T H E O R Y  149 

interacting with one another through an interaction of the form 

uij = - 4K(ri - rj)(cos2 Qi - $)(cos2 Q j  - +), (2.1) 
where Qi and B j  are the angles made by the molecular axes of the ith 
and j t h  molecules with some preferred direction. I n  the molecular 
field approximation, the details of Kii  are not needed because the 
sum over pairwise interaction8 (2.1) is replaced by a sum of terms, 
each one describing a molecule in a molecular field: 

- 4 1 (COS* Qi - g) c K,,(cos2 Q j  - 5). 
i j + i  

Only K = C,K,, appears, because (cosz 6,) is independent of j .  
Maier and Saupe, of course, do not start with an interaction of the 

form (2.1) but with an induced-dipole induced-dipole interaction 
for which there is no preferred direction in space and in which 
the dependence on the relative position vector r, - r, and on the 
orientations of the two molecules can not be written as a product of 
independent factors. Thus, although the two interactions are 
" consistent ') in that  they yield the same result in the molecular 
field approximation, a consideration of (2.1) is not equivalent to 
considering the Maier-Saupe interaction. 

We defer to Section 4 a detailed attempt at rigorously formulating 
the MS model so that it can be compared with a model like (2.1). In 
this and the next sections, we wish only to  formulate a model 
suggested by (2.1) and to solve it exactly, showing how the molecular 
field approximation is able to predict a first-order transition when 
in fact no transition a t  all occurs. 

We consider first N particles whose positions are characterized by 
{r,} and whose orientations are given by { O , ,  +,} ={L?,}. We further 
assume pairwise interactions of the form (2.1). 

( N ! ) +  (dQ) (dr) exp 2/3 C K(r,, r,)(cos2 0, - $)(cos2 O3 - a)] , (2.3) 

where j(di2) denotes f...jnIz sin 8, d6, d+b, etc. 
We now suppose 3-space is replaced by a perfect lattice with mesh 

points R,, a = 1, * * - , Jlr and that the particle positions rt are con- 
fined to be at the lattice points. For Jlr sufficiently large compared 
with N ,  this could be as accurate as we wish. We shall, however, go 
to the other extreme and assume that JV = N ,  i.e., the fluid is com- 

Our task is to calculate the partition function 

S J [ v 
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150 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  CRYSTALfI 

pletely dense. In  this case, particles are still free to “ move ” in the 
sense that we sum over the N !  possible configurations, but the local 
density cannot vary with the degree of local orientational order. 

The partition function is then 

where 
K,,y = B ( R a ,  R y ) ,  ( 2 . 5 )  

and 9 ranges over the N !  permutations of ( 1 ,  2, 3, * * N ) .  111 ii 

particular configuration characterized by 8, the 8‘ath partiale is at  
the position R,, etc. 

Because the variables a,, * * , S Z N  are just dummy variables, they 
can be renamed appropriately in each term of (2.4)) giving for the 
partition function 2’ and the free energy F‘ 

e-BF’ = Z’ 

i.e., the problem reduces exactly to that of molecules fixed on a 
lattice. This ilhstrates that once the assumption has been made that 
relative orientations don’t affect configurational probabilities, the 
motion of the molecules is irrelevant. 

The integration in (2.6) over all the polar angles C#J~ can be per- 
formed immediately, leaving for the free energy the N-dimensional 
integral 

n n  

exp ( - /w) = J * - * J n (sin e, do,) 
a 

. exp [28 c ~,,(cosl  e, - i)(cos2 8, - h ) ]  . (2 .7)  

The variable cos2 0, is a random variable ranging over (0, 1) with an 
a priori weight 4 sin 0, do,, i.e., 

Prob (y < C O S ~  8, < y + dy) = &~-1/Zdy (2.8) 

At this point wo “ discretize ” the model by making the replace- 

a,v 

a t  infinite temperature. 

ment 
COsa e, -+ 1 -a,, = 0, 1 (2.9) 
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T H E  V A L I D I T Y  O F  T H E  M A I E R - S A U P E  T H E O R Y  151 

attaching a priori weights of 6 to  u, = 1 and & to  ua = 0, so that 

( l  -'=)T-+m = (cos2 ea)T-+cc = 8.  (2.10) 

This model problem(a) defines a free energy F and partition function 
2 :  

exp (-BF) = 2 

This discretization assumption is the first we have made that is not 
consistent with the MS theory, i.e. (2 .11)  in the molecular field 
approximation does not agree with the results of MS theory. I n  
some sense this assumption is like replacing an  infinite-spin Ising 
model by a spin-& model. It can be expected to affect the qualitative 
behavior very near a second-order transition, when there is one, and 
the detailed behavior elsewhere, so we shall have to see what the 
molecular field approximation would give for this discretized model, 

3. Solution of Model 
The partition sum 2 is essentially that of a spin-4 Ising model in a 

special temperature-dependent magnetic field. To see this, we intro- 
duce variables r,, 

7, = 2i?, - 1 (3.1) 
which take on the values - 1 and 1. Then the partition function is 

2 = ~ . - - ~ e x p  - B ( H , + ~ N k T I n 2 + N C K a , / 1 8 )  
T i  T N  Y 

where 
HI = - 4 C Kay~.7,  + C ~ ( T ) T ,  

0,Y a 

and h(T) is thc " field " 

h(T)  = Q C Kay - 4ET 111 2. 
Y 

The second term in h(T)  comes from the weighting factor 2zu=. 
The free energy per molecule is just 

(3.3) 

(3.4) 
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152 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

wherefI( T ,  h) is the free energy of the spin-4 Ising model a t  tempera- 
ture T in the field h. 

Let us recall two proper tie^'^) of the spin-4 model in the thermo- 
dynamic limit ( N  + a). 

(1) I n  the limit of vanishing magnetic field, and below a certain 
temperature T I ,  the system manifests spontaneous magnetiza- 
tion, i.e. 

T <: T I .  

Thus, the limiting free energy per particle f~ is nonanalytic 
along the h = 0 line in the interval 0 < T < T I .  T I  is tho 
critical temperature or Curie temperature for this Ising model. 

(2) I n  a finite magnetic field, the free energy f 1  is analytic for all 
positive temperatures. 

Thus, if a first-order transition is to occur for f ( T ) ,  it  can only 
occur for h = 0 and a t  a temperature below T I ,  i.e. it occurs a t  a tem- 
perature Th defined by 

and then only if T h  is below T I .  
transition is therefore 

MTh) = 0 (3.6) 
The criterion for a firsit-order 

Th < T I .  (3.7) 

If this condition is satisfied, the latent heat per molecule is 
+kThM,(Th), where M,(T) is the spontaneous magnetization f'or the 
Ising model in zero field. 

We also remark that if a, t'ransition occurs, the discontinuity in ( T )  
must be symmetric around zero, since the spontaneous magnetiza- 
tion just changes sign as h(T)  goes through zero. I n  terms of the 
order parameter AS = (1 - &T) = a( 1 - 3T) ,  this implies theit the 
jump in the order must be symmetric mounds  = 4, and that there is 
order at all finite temperaturcs. Wediscuss this at the end of this swtion. 

To give a precise answer, we 
would have to know how K,, varies with 1 R, - R, 1, and we would 
need to know T I  for such a non-nearest-neighbor Ising model. Lacking 
this information precisely, we have used the calculations of Domb 
and Daltonc4) to get an estimate of TI. Domb and Dalton studied 
Ising models on various two- and three-dimensional lattices with a 

Is the inequality (3.7) satisfied? 
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T H E  V A L I D I T Y  O F  T H E  M A I E R - S A U P E  T H E O R Y  153 

constant interaction J out to a certain shell of neighbors and zero 
beyond. 

If q is the total number of molecules interacting with a given one, 
and K = qJ, then 

kTh = 0 . 9 5 3 K ,  ( 3 . 8 )  

while for the lsing critical temperature, using series methods, Domb 
and Dalton made the following estimates : 

kTI = 0 . 7 9 4 K  h.c.c., nearest neighbors 

= 0 . 8 1 6 K  f.c.c., nearest neighbors (3.9) 

- ( L ) K ,  3.5 + q  
as q +a, K fixed. 

We see that a first-order transition is predicted only if q 2 7 1 ,  i.e. 
with a constant interaction, it must extend to third nearest neighbors 
in a face-centered cubic lattice. In  fact, the interaction we are 
considering falls off far more rapidly than tha.t, so there would be no 
first-order transition. 

What would we have predicted had we applied the molecular field 
approximation to the discretized model ( 2 . 1 3 ) ?  To answer this 
question, we could, of course, carry out a calculation exactly analo- 
gous to Maier and Saupe’s. But for this model, there is a simpler 
way. We simply use the fact that the molecular field approximation 
is exact for interactions of infinite range and zero strength (the limit 
being taken so that qK = constant as q + a). Thus if the discretized 
model were calculated in the molecular field approximation, we 
would conclude that a first-order transition always occurs at a 
temperature T h  defined by ( 3 . 8 ) .  This is in sharp contrast to the 
exact results for reasonably short-ranged interactions. 

We conclude that the molecular field approximation can seriously 
overestimate the circumstances under which a first-order transition 
will occur. In the next section, we shall discuss the relation of our 
model to that of Maier and Saupe and the implications of this con- 
clusion for the validity of the MS theory. 

Let us discuss briefly the existence, found for our discretized 
model, of a non-vanishing order parameter a t  all temperatures. It is 
easy to see that the order parameter is non-vanishing for the con- 
tinuous model ( 2 . 6 )  as well. The non-vanishing of the order para- 
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154 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

meter is a detailed consequence of the way the two models have 
broken full rotational symmetry. To see this, we compare with the 
classical Heisenberg and Ising models for interacting spins, where the 
pairwise interactions occur between spin vectors of fixed length but 
arbitrary direction and are, respectively, - K,,S, * S, and - K,iSaz~Yjz .  
I n  the Heisenberg model, the reduced probability density for the ith 
spin is p(Q,) = J  * *J This is iiidepen- 

dent of the direction Q, of S,, because S, * S, is iiivariant under rota- 
tions of the coordinate axes in spin space. Thus (S,) a JCtn,p(Q,)S, = 0. 
I n  the Ising model, the reduced probability density is not indepen- 
dent of S,* but i t  is still an even function of f l l z ,  because 9,*SS,* is 
invariant under inversion of the coordinate axes in spin space. This 
is enough to insure that (SaZ)  = 0. 

The model (2.6) can be considered as an Ising-like approximation 
to a Heisenberg-like interaction-~K,,(cos2 Bay - 4) where 8.,, is the 
angle between Q, and a,. Because this Heisenberg-like interaction 
is rotationally invariant, we find that ( ~ 0 8 2  8, - 8 )  = 0, the function 
cos2 8 - 4 tc P, (cos 6) being orthogonal to a constant (P,(cos 6)). 
However, in passing to the Ising-like model, the fact that the reduced 
probability density is still invariant under inversion is of no help, 
because the order parameter is now the average of an even funct,ion, 
cos2 8, - Q, which is not orthogonal to all even functions but only to a 
constant. 

The order calculated above the transition temperature (if there is 
one) is therefore an artificial consequence of the model, although the 
description of short-range correlations may be good. This is just 
complementary to the situation with the molecular field approxima- 
tion where, in order to  predict correctly the absence of all long-range 
order a t  high temperatures, one must foresake the description of all 
short -range correlations. 

Let us now turn to the relation of the present model to that of 
Maier and Saupe. 

do,  exp 0s C K,,S, - S,]. 
9 2 %  I + %  

4. Variational Comparison of Various Models 

Section 1, the second and third are crucial and merit restatement: 
Of the three cornerstones of the Mrtier-Saupe theory mentioned in 
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B. It is assumed that the probability of any configuration of 
molecular centers of mass is not affected by the interaction 
between molecular orientations. I n  the language of Maier and 
Saupe, time averages are performed over the orbit of a particle 
on the assumption that the orbits are not affected by the 
orientations of the particular particle or of the particles near 
which it passes. I n  the language of phase-space averages, 
dependence of the two-body, three-body, etc. correlation 
functions on position variables is not affected by the orienta- 
tions of the particles involved. An effective statistical two- 
body interaction between orientations is thus heuristically 
derived from the fundamental interaction. 

C. This effective interaction between orientations is treated in 
the approximation of a uniform " mean field " or " molecular 
field ". 

In the original work of Maier and Saupe, these ideas are imple- 
mented in an  ad hoc manner, rather than systematically within the 
framework of an otherwise rigorous statistical mechanical calculation. 
It is therefore not clear where B ends and C begins. We first present 
an attempt at putting the Maier-Saupe theory within a more rigorous 
context. 

For a given configuration of centers of mass and a given set of 
orientations, the full interaction energy will be assumed to  have the 
form 

W(r, Q,, ' * * j rN Q N )  = V(r13 ' * ' 9 rN) f U E ~ ,  (4.1) 

(4.2) 

( 1 , ) )  

where we do not assume (2.1) but only that 

is symmetric in i and j. The summation goes only over distinct pairs. 
The only assumption we have made other than to neglect internal 
deformations of the molecules is that the interaction between 
orientations is a symmetric two-body interaction, i.e., we are not 
making assumption B. The decomposition (4.1) is of course not 
unique, since any function of the form E(,,?)v(rE,r3) could be added 
to V(r,;.. , rN) and subtracted from X ( l , l ) ~ , j .  It is made unique by 
the requirement that  SdQ, u,,  = 0 for a11 (rI, r3). 

We must now calculate the configuration integral QN and Helm- 
holtz free energy FN defined by(5) 

uzj = u(ra Q a ,  r3 Q 3 )  
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156 MOLECULAR CRYSTALS A N D  L I Q U I D  C R Y S T A L S  

exp ( - ~ P N )  = Q N  

= (N!)-l[...bdr)(dLi') exp [ - p ( V + C  ( iJ)  uij)]. (4.3) 

Assumption B is equivalent to the assumption that the inter- 
action term V(r, - * - rN) alone determines the probability of any 
configuration (rl * - * rN) .  We have tried to express this id.ea in some 
rigorous mathematical development. One relatively crude way to 
do this is to use a multidimensional version of a well-known in- 
equality. For single integrals with real functions a(z) and t i ( ~ ) ,  this 
inequality@) is just 

where 

(4.41)) 

and L is any domain on the real axis for which the integrals cmll exist. 
When generalized to the integral over the 3N-dimensional configura- 
tion space, this inequality yields 

Q N  > Q N C Q N a r ,  (4.5) 
where 

and 

= ...[(~LQ) exp ( - p  c uij) (4.6b) 

is the configuration integral, neglecting orier, tational interactions, 
and 

(id 

is the average interaction between the ith a.nd j t h  orientatilons, the 
average being taken over all configurations (rl * . * rN) with weight 
e-Bv. Now if the probability that the i th  and j t h  molecules are in 
unit volumes a t  ri and rj is calledf(r,,:r3), so that 

f(ri, rj) = j - * * j k # i , j  n d3r, e+V/ j - 1 (dr) e-flv,  (4.8) 
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then 

;z3 = d3r3 u ( r z  Oz, r3 O,)f(rz, rj). (4.9) 

The function f(rz) rl), being normalized by JJd3rz d37-3f(rz, r,) = 1, 
approaches pa/Na as I rz -r, I --+ m and is O ( N - 2 )  for all i and j. 
Since u,, is of finite range, we conclude that u,, = O(N-1) .  

Expression (4.5) gives an approximation to the free energy FN 
which is an upper bound: 

F ,  < FNc + FNor = - IcT(1n QNC +In &,Or). (4.10) 

FNc is the pure configurational contribution to the free energy (i.e,) 
neglecting the orientational contribution). FNor is a purely orienta- 
tional free energy. I n  evaluating FNor, each molecular orientation 
interacts with every other one, but with a strength that is averaged 
over all relative positions. This effective, two-body, orientational 
interaction u,, is therefore of essentially infinite range and infini- 
tesimal strength. 

Because of the infinite range of u,,, the molecular field approxima- 
tion should be exact(') to leading order in N ,  in evaluating FNor. Thus, 
if approximation B is implemented in the crude manner of (4.5)- 
(4.10), then approximation C is not an  additional approxim n t' ion. 

But, of course, this implementation of approximation B is too 
crude. While each particle will have interacted with every other 
particle after a sufficiently long period of time, most of these inter- 
actions will not have occurred before equilibrium is established. 
It is therefore unnecessarily crude to replace the strong but very 
occasional and short-lived orientational interaction between any 
pair of particles by an  extremely weak but infinitely long-lived 
interaction. Yet this is what is done in (4.5)-(4.10), albeit in the 
language of phase space averages rather than time averages. 

Let us turn to a different but equivalect €ormulation of the liquid 
crystal problem in which we can again assume that the configurational 
probability is independent of the molecular orientations, but in which 
the orientational interactions extend only to the immediate environ- 
ment. Such an implementation of B is intuitively better than the 
previous one. We shall also show that it is mathematically superior 
in the sense of giving a better upper bound to the exact free energy 
(or, in this case, grand potential). 
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We consider 3-space to  be replaced by the mesh introduced in 
Section 2 and further assume that the number of mesh points .,Y' 
is extremely large compared with the number of particles. We shall 
now describe a configuration of the molecules by assigning to each 
mesh point an occupation number nR which can be zero or one, and 
an  orientation OR which gives the orientation of the molecule 
centered at R when nR = 1 and. is arbitrary when nR = 0. 

We propose to sum over all configurations for which '&nK = N 
end for each configuration to integrate over all orientations at sites 
where there is a particle (nR = 1).  To avoid the constraint on par- 
ticle number, we go to the grand canonical ensemble. Also, it is 
convenient to integrate over orientations a t  all sites, introducing an 
extra factor ( 4 n ) H ' - C ~ n ~  which must then be divided out. Thus 

Here V,, V3 etc. are the two-body, three-body, etc. contributions to 
the interaction V(R,,  * * *, R N )  and p is determined so that 

where ( - - ) denotes an average with the weighting factor 

For simplicity let us neglect VB, V4, * a .  

If we neglect all interactions, then 

(4.12) 

(4.13) 

so that as JV + m, we require that 

eO*-+.N/N or p-+ - m .  (4.14) 

Even when the interactions are turned on, this behavior of p is 
substantially unchanged. 
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Now we can make an anzlogous approximation to that of (4.5), 
n n  

where Q,c is now the grand partition function neglecting orienta- 
tional effects. Ii we let the mesh size shrink to zero, Eq. (4.15) can 
be replaced by one involving a functional integral over the functions 
Q(R) : 

Q,  3 Q,” &,(’.+ (4.16) 
where 

r 

(4 .17)  
and n = N I V  is the average particle density. 

To simplify the further zpproximations, we shall essume that the 
basic two-body interaction is what we have called. a “ Heisenberg- 
like ” interaction : 

1 - exp [ - &n2p j j d 3 R  d3R’u(R, Q(B) ; R’Q(R‘))f(R - R’) 

u(R, SZ(R); R’, Q(R’)) = - (8/3)K(R - R’)(cos’ ORp - f )  (4.18) 

where ORR is the angle between Q(R) and SZ(R’). This interaction is, 
of course, not the induced-dipole induced-dipole interaction, but it is 
invariant under rotations of orientation space and, with a proper 
choice of K(R  - R’), it has all the properties of the induced-dipole 
induced-dipole interaction used by Maier and Saupe, m d  will give 
identical results in the molecular field approximatioil. There is no 
a priori reason for thinking that if the molecular field approximation 
is valid for the induced-dipole induced-dipole interaction, it won’t 
work equally well on this interaction. Conversely, if the molecular 
field fails for the interaction (4 .17) ,  it should fail for the induced- 
dipole induced-dipole interaction. 

NOW we get a further bound on Q,,(e,+) if we avoid the difficulties 
associated with the functional integration over the functions +(R) 
by making a n  approximation analogous to  (4.5). Using a uniform 
weight for all functions +(R), we get a lower bound to Q,@,@): 
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d;) , (o .+)  > Q  (0) 

* exp [ - tSn2 1 1 d 3 R  d3R’C(R, B(R); R’, B(R’))f(R - R’) , 

(4.19) 
1 

where 

and 

C(R, O(R); R’, 6(Rf)) = 9[+]u(R, Q(R) ; R’, Q(R’)). (4.20) s 
Using the expansion 
P,(cos 0) 

2 
= e ) ~ , ( c o s  el )  + p , , p 2 m ( C 0 8  e)P,ycos el )  cos - + I ) ,  

m = l  
(4.21) 

we find that 
C(R, B(R) ; R’, B(R’)) 

= - 4K(R -R’)(cos’ B(R) - ))(cos~ B(R’) - 4). (4.22) 

From the point of view of bounds on the grand partition function, 
the bounds &;Q,(e.+) and Q;&,@) are progressively poorer estimates 
of the exact grand partition function Q,. The orientational func- 
tion &,@) can be further approximated in two ways: On way leads 
to  the approximate grand potential that Meier and Saupe would have 
found had they considered the interaction (4.18) ; the other way leads 
to  the exactly soluble model investigated in Sections 2 and :3. 

Let us first show that a certain lower bound on &,@) (or upper 
bound on the corresponding grand potential EM@)) is equivitlent to 
the molecular field approximation of Maier and Seupe. We &start by 
formulating the most general molecular field approximation as a, 
further application of the multidimensional version of (4.4). Speci- 
fically, we approximate the weight function 

exp [ - 2@2[[d3Rd3R’K(R -R’)j(R -R’) 

- (cos2 B(R) - fr)(cos2 B(R’) - f)] (4.23) 
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in the functional integral over B(R) by a factorized density 

p[w(8)~ = exp [ -pn J ~ ~ R ~ ( B ( R ) ) ]  (4.24) 

i.e. the orientations B(R) and B(R') are assumed independent for all 
pairs of points R and R' and we have used the translational symmetry 
in assuming that w(B(R)) does not depend explicitly on R. Then, 
using the generalization of (4.4) once again, we have an upper bound 
on the grand potential EP@):  
all(@) = - kT In Qp@) m 

< E",w] + 2n2 3R d3R'K(R - R')f(R - R')(cos2 B(R) - 6)Iu ssd 
*(COS' B(R') - +)w 

where 

EJw] = - kT In 22[B]p[w(B)] s 
and 

(4.25) 

(4.26) 

JdB sin B(cos2 8 - $)e-alu@) 

JdB sin 8 e - @ ~ ( ~ )  
- - (4.27) 

If we take the functional derivative of this bound with respect to 
the " effective potential " w(B), we obtain a self-consistent equation 
for the best function, wsc(B) : 

% c ( W )  

~JBR[B](COS' B(R) - 4)Jd3RK(R - R')f(R - R')(cos2B(R') - 3) 

JgR[e] exp [ -PJd3R"%c(B(R"))] 
- - exp [ - ~Jd3R"wsc(B(R")]) - , 

(4.28) 

where J g R [ e ]  denotes integration over all functions 8 having a fixed 
value B(R) at R. Interchanging Jd3R' and J22~[0]  in the numerator 
of (4.28), we have the simpler self-consistent equation for the molecular 
field : 

w,,(B(R)) = ~ ( C O S '  B(R) - 6 )  d3R'K(R - R')f(R - R')(cos~ B - & ) w 8 c ,  

(4.29) 
s 

F 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

8:
09

 2
3 

Fe
br

ua
ry

 2
01

3 



162 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  CRYSTALS 

the theory of Maier and Saupe. When this best w,,(O): is sub- 
stituted in (4.25), we have what we shall call E,,mf, an upper bound 
on E,,@), (" mf " for " molecular field " or " mean field "). 

Before leaving the development of the Maier-Saupe theor*y for the 
interaction (4.18)) we should comment on the role of rotational 
invaziance. The approximation leading from E,(@.4) to E,,@ destroys 
the invariance of the problem under rotations in orientation space, 
but the subsequent molecular field approximation leading to  S @ m f  
effectively restores this invariance above the transition (the molecular 
field being zero). Thus while the molecular field approximation gives 
a still higher (hence worse) upper bound to  the grand potential, it 
could be argued that Spmf is nevertheless better than E,,@) because 
it occurs in a rotationally invariant theory, i.e., although S,,mf is 
worse than E,,@) in the sense of leading to a poorer variational estimate 
of a,, = - kT In &,, for all T, its analytic properties as a function 
of T (existence and nature of a phase transition) could conceivably 
be better. This is a universal drawback of any variational approach, 
but it seems to us that the burden of proof lies with the method 
giving the poorer variational bound to the grand potential. 

The alternative way t o  proceed from EN(@) leads to the model we 
have presented in Sections 2 and 3. What we have done there is to 
t ry  to avoid the molecular field approximation in (4.18) by dis- 
cretizing cos 0 and replacing the continuous 3-space by a lattice. 
The statistical mechanical problem remains non-trivial after these 
approximations, in contrast to what results from the molecular 
field approximation. 

We have already discussed the effects of the discretization (of cos 8. 
Similar comments apply to the discretization of 3-space: Since we 
know of no estimates of T I  for Ising models on a continuum, rather 
than a lattice, we can only repeat the observation that the molecular 
field approximation on the lattice predicts the first-order trsinsition 
that an exact theory shows to be absent. 

c1 

5. Conclusion 
We have attempted to  avoid the molecular field approximation 

that is fundamental to the Maier-Saupe theory, in order to  see if the 
first-order phase transition is a consequence of the molecular field or is 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

8:
09

 2
3 

Fe
br

ua
ry

 2
01

3 



T H E  V A L I D I T Y  O F  T H E  M A I E R - S A U P E  T H E O R Y  163 

a real consequence of assumptions A and B stated in the Introduction. 
We have constructed a model which we believe to be closely 

related but superior to the Maier-Saupe model. In  this model, no 
first-order transition occurs. Since such a transition occurs in 
nature, the failure to  predict i t  could arise from several sources: 

(1) The discretizations of space and cos 0 could make our model 
inferior to the MS theory, but this seems unlikely in view of the fact 
that the molecular field approximation incorrectly predicts a first- 
order transition for our model. 

(2)  The averaging over C$ could conceivably make the grand 
potential EM@) have less accurate analytic properties than Eamf even 
though, in magnitude, E,,@) is the better bound on the exact grand 
potential. 

These two possibilities suggest the need for a more detailed study 
of the interaction J,,(cosZ eij - 4) on a lattice:-can it ever show no 
phase transition, as the present paper suggests? 

Two other possible sources of the failure to predict a phase transi- 
tion are these: 

(3) The assumption of a n  interaction of the form (4.18). Con- 
sideration of interactions that depend on the direction of Ri - R, 
relative to  52, and Q, and which involve higher harmonics in Qi and 
sZj could conceivably restore the first-order transition, although we 
think it unlikely. 
(4) The neglect of correlations of spatial positions with orienta- 

tional interactions. This approximation, which underlies both the 
Maier-Saupe theory and the present model, seems to us the most 
serious approximation. It suggests that further work be specifically 
oriented toward studying the interplay of orientational and positional 
correlations. 

Note Added in Proof 
The model solved in Section 3 has also been solved by R. G. Priest 

in a paper that  has just appeared, Phys. Rev. Letters. 26, 4 2 3  (1971) .  
Priest takes the point of view, in contrast to ours, that  the persistence 
of the long-range order a t  high temperatures and the lack of a 
first-order transition invalidate this model as a qualitative guide to 
models with rotationally invariant interactions. 
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Expanding eb around 6 = Jdb bp(6 )  to first order, and using the’ upward 
concavity of the exponential function, 
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